In several engineering fields including biological, sports, aeronautical and aerospace identification of pressure distribution applied to structures is a very important issue. Several experimental techniques have been suggested to measure the distributed load with piezo-electric sensors or films. Such direct measurement often meets with difficulty because the geometry or rigidity of the contact surface may be altered by attaching the sensors to it. To overcome this difficulty, this paper discusses the estimation of pressure distribution applied to structures by the inverse analysis technique. A transmission matrix is introduced which provides a linear relation between distributed load and internal strain. Tikhonov regularizaton and truncation of singular value decomposition (TSVD) are used to stabilize the solutions of the inverse analysis. A numerical demonstration for the estimation of foot pressure applied to a rectangular plate is conducted to illustrate the effectiveness of the present numerical formulation to identify the pressure distribution.
Introduction
Measurement of pressure distribution applied to the structures is a very important problems for mechanical, aeronautical, biological, sports, and the other areas in engineering. Several measurement techniques have been developed to measure pressure distribution in the past several decades. In the bioengineering field, for example, a measurement system composed of a 2-dimensional array of piezoelectric ceramics and rubbers has been developed. These systems are applied to the measurement of foot pressure in walking (1) (2) .
It should be noted that measurement systems based on piezoelectric devices have some essential drawbacks. First, the information measured by the system is not pressure distribution, but the point load on each sensor; the experimental data must be processed by some approximation scheme to obtain the pressure distribution. Second, there is a possibility of measurement error because the sensor itself affects the boundary conditions of the contact surface.
An alternative technique that avoids the above drawbacks includes inverse analysis using supplementary information, e.g. displacements or strains, measured at a site distant from the Hojo et al. (7) , Chang et al. (8) have already reported some useful techniques based on inverse analysis. However, only a concentrated load was investigated in these inverse analyses, and pressure distribution is not comprehensively reported in this recent research. Arai et al. (9) (10) already presented a inverse analysis method to identify the pressure distribution applied to the surface of a thin plate structure. In that research the boundary element method was applied to analyse the thin plate (11) , (12) , the pressure distribution was estimated by the relational expression obtained between input pressure distribution and strain information in the plate. It becomes increasingly difficult to obtain the relation between strain and pressure when the analysed structure is very complicated or the boundary conditions are ambiguous.
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In such cases, the input-output relation can be estimated by experimental calibration as per Inoue et al. (3) In this paper, an analysis method to identify pressure distribution based on strain calibration data is considered in detail to produce the loadcell to measure pressure distribution. The basic theory for the inverse identification is presented, and a numerical demonstration measuring foot pressure is reported.
In the following section, a procedure to obtain the relationship matrix between pressure distribution and strain is described and forms the basis of the theory behind pressure distribution identification by inverse analysis. Tikhonov regularization and truncation of singular value decomposition (TSVD) are used to stabilize the solutions obtained by inverse analysis. Numerical demonstrations estimating foot pressure applied to rectangular plate are conducted to illustrate the effectiveness of the presented method.
THEORY

Formulation of inverse analysis
Consider pressure distribution applied to the surface of the structure as shown in Fig. 1 . In order to simplify the situation, the analysed structure is considered to be a thin plate in the following discussion. The analysed domain is defined as Ω, the domain subjected to the pressure is S , and the pressure distribution is defined as p(Q) as a function of position coordinate Q. Now, let us define the strain on the point P as ϕ(P, Q) when a unit concentrated load is applied to another point Q. ϕ(P, Q) can be expressed by an analytic function when the analysed domain is a infinite body. Moreover, when the analyzed field is a finite body and the boundary conditions are given clearly, the function ϕ(P, Q) can be estimated by numerical analysis using the boundary element method (BEM) or finite element method (FEM). Here, a two points function ϕ(P, Q) is estimated by experimental calibration as shown in the following discussion.
From the function ϕ(P, Q) and pressure distribution p(Q), strain ε(P) on the point P can be estimated by the following integral calculation:
Note that only the normal pressure component for the contact surface is considered and the tangential component owing to the frictional force is neglected here. Furthermore, the relation of the pressure and strain is assumed to be linear. In order to evaluate the above integral equation numerically, the total domain S is divided into the partial elements S i (i = 1, M).
The pressure distribution p(Q) is then approximated by an interpolation function. Using the triangle linear element, which is the simplest interpolation function, an alternative discretized form of Eq. (2) is:
where, p i k is the pressure value at the k-th nodal point of the i-th element and Φ k denotes the interpolation function of the triangle linear element.
In the same way, the two points function ϕ(P, Q) can also be approximated by an interpolation function. Namely supposing the strain component on point P using ϕ(P, Q i j ) when a unit concentrated load is applied to the nodal point Q i j ( j = 1, 2, 3) of the element S i , Eq. (3) can be rewritten as the following expression.
Applying the numerical integration scheme, we have:
where Φ m k denotes the interpolation function on the integral points, J i is a Jacobian of the element S i , W m is a weighting factor and g is the number of terms of the integration.
Executing the numerical integration in Eq. (5), we have the following simple relational expression between the pressure and strain:
where the operations on index j follow the Einstein summation convention. Processing different strains ε i (i = 1, M) in the same way, we can obtain the following relational expression between discritized pressure distribution p j and strain data ε i :
Measuring the strain data on the structure by experimentally and solving the above matrix equation inversely, we obtain the unknown pressure distribution p j .
Experimental identification of the coefficient matrix
As described above, the relational matrix A i j between pressure distribution and strain is estimated using experimental calibration data. When concentrated load is applied to all nodal points of the finite elements of the loadcell and the strain data on the nodal points is measured, the discretized form of the two point function ϕ(P, Q) can be determined.
Although the strain measuring point P in the Eq.(6) can be selected arbitrarily, nodal points on the triangle element are recommended as the calibration points for the two point function ϕ(P, Q). In the present formulation, strain components ε i for the x 1 and x 2 axes are used as input data of the inverse analysis on the back surface of the thin plate.
For thin plates we have some numerical difficulty when the location of nodal point Q is very close to that of strain measuring point P because the two point function ϕ(P, Q) becomes
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Vol. 2, No.5, 2008 singular. Since the actual strain data obtained by experiment is finite value, the accuracy of the numerical integration deteriorates owing to the singularity in the function ϕ(P, Q). To avoid the problem, the two point function ϕ(P, Q) for the unit concentrated load should be separated into a singular term and a regular term, where the singular term corresponds to a Green function for an infinite plate and the regular term the remainder.
The singular termφ(P, Q) can be given by the Green function of the thin plate bending as
where, r denotes a distance between the points P and Q, D is the rigidity of the plate:
where, E is Young's modulus, ν is Poisson's ratio and h is a thickness of the plate. Estimating the two point function ϕ(P, Q) by experimental calibration and subtracting the singular term ϕ(P, Q) we can obtain the regular term of the two point functionφ(P, Q). Separating ϕ(P, Q) into the singular and regular terms in Eq. (3), and approximating the regular term using the interpolation function with finite element as described above, Eq.(4) can be rewritten:
The singular term expressed by Eq. (9) can be integrated numerically using analytical solution.
For the regular term, the numerical approximation scheme can be applied using interpolation functions. Accordingly, using Eq.(11) to obtain the matrix relation (7), the numerical difficulty caused by the singularity of the ϕ(P, Q) can be avoided.
Regularization of the numerical solution
Singular value decomposition and the reduced rank method
Singular value decomposition (SVD) (13) is useful to pretreat a coefficient matrix A in the matrix relation (7) to provide a regularization scheme for the inverse problem. The coefficient matrix A(M × N) in Eq. (7) can be decomposed by SVD to
where, U and V are M × M and N × N matrices, respectively. Λ is an M × N matrix that has only diagonal elements of singular value of the matrix A. V T is the transposition of the matrix
V.
The singular matrix Λ can be written as following form:
with rank 'm' of the matrix A. λ 1 , λ 2 , . . ., λ m are singular values of the matrix A, where λ i should be sorted
Let us consider the estimation error in solving the matrix equation (7) . Here, it is assumed that the error Δε is included in the left-hand side of Eq. (7), and the solution p fluctuates due to the included error Δε.
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where, • denotes the Euclidean norm of the vector and 'Cond' is a condition number of the matrix which is a ratio of the maximum and minimum singular values of the matrix A.
If the condition number is large, namely the minimum singular value λ m is extremely small compared to the maximum singular value λ 1 , the accuracy of the solution obtained by inverse analysis is strongly influenced by the error of the supplementary information. Truncated singular value decomposition (TSVD) is a regularization technique to reduced the rank and improve the condition number of the matrix replacing the small singular values of λ i in the Eq.(13) by 0 (14) (15) . In this method, the rank for the truncated matrix should be determined carefully because there is a possibility of causing over smoothing of the solutions if relatively large elements of the singular value are replaced by 0. The strategy for determining the appropriate rank is discussed in a later section.
Tikhonov regularization (14)
A least squares solution of matrix equation (7) can be determined by minimizing the residual norm Π defined as
However, the least squares solution generally becomes unstable because the matrix A is given as a nearly singular matrix. Tikhonov regularization is useful to avoid the instability problem and regularize the matrix equation in inverse problems. In Tikhonov regularization, the functionalΠ is employed to obtained the least squares solution, adding an additional term α p 2 to the functional Π:
where α is a kind of penalty factor called a 'regularization parameter' and p 2 is a stabilizing term. The optimized solution p * which minimizes the functionalΠ can be obtained as:
where I denotes unit matrix.
For Tikhonov regularization and TSVD, the optimizing parameter α should be determined carefully. As described in the following section, the optimizing parameter α is estimated using the 'optimum condition number method' (16) (17) .
Optimum condition number method (16)(17)
Several effective techniques have been proposed to determine the optimizing parameter for the regularization technique in the inverse problem. There are based many different principles including using the statistical nature of the observed noise, Hansen's L-curve method (18) , and others. Here, the optimum condition number method proposed by Kubo et al. (16) (17) is employed to determine the optimizing parameter α in Eq. (18) . In the optimum condition number method, an unknown optimizing parameter is determined by the error ratio of the solution to satisfy the upper limit defined by the equation of the admissibility condition. The term of Δ p / p in the left-hand side in the Eq. (15) can be regarded as the error ratio R x : then, Eq.(15) can be rewritten as
where Cond[ A] op denotes a condition number that gives an optimum solution in the present method. In the actual numerical calculations, the tolerance of error R x should be prescribed prior to the regularization. Here, R x is specified as 0.3 based on the several numerical demonstration of the inverse analyses of the pressure distribution. A procedure to determine the appropriate rank m in the TSVD using the optimum condition number method is shown in Fig. 2 . The appropriate rank m can be determined from the intersection between the curve of Cond[ A] rank with rank of the matrix Λ and the line of the optimal condition number Cond[A] op .
On the other hand, to determine the optimizing parameter α in Tikhonov regularization, an alternative definition of the condition number is introduced as the following form:
Note that the condition number Cond 
Numerical demonstration
Analysed model
The model analysed in the present study is shown in Fig. 4 . Pressure distribution is applied to a a rectangular plate 250mm wide and 400mm long. Assuming the pressure distribution of a foot, the measurement area is divided into 118 linear-triangle elements. Strains are measured on the nodal points of the elements. Bending strain for x and y axes is given as supplementary information at each nodal point. The procedure of the numerical demonstration is summarized as follows: ( 1 ) Before inverse analysis, bending strains ε x (P, Q) and ε y (P, Q) on the each nodal point P when unit concentrated load is applied to each nodal point Q are estimated numerically. The total boundary of the plate is fixed, the thickness of the plate, h=2mm, Young's modulus E=170GPa and Posson's ratio ν=0.28. In the present study, the strains ε i (P, Q) are calclated by boundary element method.
( 2 ) Using the ε x (P, Q) and ε y (P, Q) obtained by the above procedure, coefficient matrix A is estimated according to the theory presented in sections 2.1 and 2.2.
( 3 ) Bending strains on each nodal point when foot pressure, (total load : 611[N]) as shown in Fig. 5 , is applied to the plate are calculated by the boundary element method (11)(12) .
The finite element division is shown in Fig. 4 and the pressure data on the each nodal point is shown in Table 1 . ( 4 ) From the coefficient matrix A and strain information ε, the pressure distribution can then be estimated by inverse analysis.
In the actual experiment, some error is included in the strain information. Therefore, in the present demonstration, artificial error is intentionally-added to the strain data. The error data is made using a normal random number, where the standard deviation of the error is specified to between 1% and 3% of the maximum value of the strain data. Figure 6 shows numerical results analysed from strain information with 1% error using TSVD regularization. Fig. 6(a) shows the relation between truncation rank and condition number in TSVD. Fig. 6(b) shows pressure distribution estimated by the rank 'Rank(Est)' from the optimum condition number method. In Fig. 6(a) , the relation between the error norm of the identified pressure Δp and truncation rank in TSVD is also indicated, where 'Rank(Best)' is the truncation rank that gives the best solution minimizing the error norm. Pressure distribution calculated with Rank(Best) is shown in the Fig. 6(c) .
Numerical Results
It is preferable that the Rank(Est) given by optimum condition number method is identical or close to Rank(Best) but, as shown in Fig. 6(a) , Rank(Est) deviates from Rank(Best) and the the pressure distribution estimated, while good, is not optimal. Figure 7 shows numerical results analysed by strain information with 3% error using TSVD regularization. Although it shows a similar tendency to the results for 1% error, the results estimated by Rank(Est) are further away from that estimated by Rank(Best). Compareing the results from Fig. 7(b) and Fig. 7(c) , the numerical result given by Rank(Est) seems to be over-smoothed. Numerical results for pressure distribution estimated by Tikhonov regularization are shown in Fig. 8 and Fig. 9 along with the results from analysis of strain information with 1% and 3% error, respectively. Fig. 8(a) and Fig. 9(a) show the parameter α estimated by the optimum condition number method is close to α(Best) which gives the best solution, so the pressure distribution in Fig. 8(b) and Fig. 9 (b) estimated by α(Est) are relatively similar to those in Fig. 8(c) and Fig. 9 (c) estimated by α(Best). As a result, the optimum parameter α of the Tikhonov regularization can be determined by optimum condition number method here.
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Finally, the total resultant forces of the pressure distribution estimated by inverse analysis are shown in Table 2 . Although it is difficult to find a clear tendency in these results, Tikhonov regularization seems to superior to TSVD method in terms of resultant force.
Conclusion
This paper discusses in detail a numerical technique to identify the pressure distribution applied to a structure. In this technique, supplementary information on bending strain is employed to perform inverse analysis on the design of the loadcell to measure a pressure distribution. Numerical examples of pressure measurement for a foot demonstrated the effectiveness of the presented method. The conclusions of the present study are summarized as follows:
( 1 ) The relational expression (coefficient matrix) between the pressure distribution applied to the structure and supplementary information from strain data on the surface of the plate can be estimated by calibration tests using the relationship between nodal strain and concentrated load. and Materials Engineering Vol.2, No.5, 2008 ( 2 ) The global function of strain for the concentrated load becomes singular when the loading point close to the observation point. Subtracting the singular term, which is a Green function of the thin plate bending problem, from the two points function for the strain, the numerical difficulty caused by this singularity can be avoided.
( 3 ) The optimum condition number method is not very useful to determine optimum truncation rank in the TSVD method.
( 4 ) For Tikhonov regularization, the optimum condition number method can be used to determine the optimum regularization parameter. This produces highly accurate results for pressure distribution.
